Here we define and prove some properties of the semi-classical wavefront set. We also define and study semi-classical Fourier integral operators and prove a generalization of Egorov's Theorem to manifolds of different dimensions.
Introduction
In this article we define and establish some of the properties of the semi-classical wavefront set and semi-classical Fourier integral operators. The paper is organized as follows. In Section 2 we review some of the theory of semi-classical pseudodifferential operators, which we will use here. In Section 3 we gather the existing definitions of semi-classical wavefront set and show that they are equivalent. We furthe explore the properties of the semi-classical wavefront set in Section 3.1. In Section 4 we define and prove a characterization of global semi-classical Fourier integral operators as well as a generalization of Egorov's Theorem to manifolds of unequal dimensions.
Preliminaries
In this section we recall some of the elements of semi-classical analysis which we will use here. First we define two classes of symbols a (x, ξ; h) u (y) dydξ, u ∈ S (R n )
for t ∈ [0, 1] and extending the definition to S ′ (R n ) by duality (see [2] ). Below we shall work only with symbols which admit asymptotic expansions in h and with pseudodifferential operators which are quantizations of such symbols. For A ∈ Ψ k h,t (1, R n ) or A ∈ Ψ m,k h,t (R n ), we shall use σ 0 (A) and σ(A) to denote its principal symbol and its complete symbol, respectively.
For a ∈ S m,k n (T * R n ) we define:
ess-supp h a
where we define S * X = (T * X\ {0}) /R + . For A ∈ Ψ m,k h (R n ) , we then define W F h (A) = ess-supp h a, A = Op h (a) .
We also define the class of semi-classical distributions D ′ h (R n ) with which we will work here D
x,ξ u (x, h) dx with the obvious extension of this definition to E ′ h (R n ). We shall work with the L 2 − based semi-classical Sobolev spaces H s (R n ), s ∈ R, which consist of the distributions u ∈ D
We shall say that u = v microlocally near an open set U ⊂ T * R n , if
We shall also say that u satisfies a property P microlocally near an open set U ⊂ T *
We shall also use the notation T ≡ T ′ .
Semi-Classical Wavefront Set
In this section we discuss the different notions of semi-classical wavefront set used in the literature and show that they are equivalent. We further establish some of their properties. We further letT * R n = T * R n ⊔ S * R n , where we set S * R n = (T * R n \0) /R + with the R + action given by mutiplication on the fibers: (x, ξ) → (x, tξ). As in [6] , the points in T * R n will be called finite and the points in S * R n will be called infinite. We make the following definition as in [6] 
We shall denote the complement of the set of all such points by W F
We shall denote the complement of the set of all such points by W F i h (u). The definition of semi-classical wavefront set given in [7] is as follows
Proof: The first implication is clear. For the second implication, let s ∈ R be such that m + s > n 2
and consider
. Then we have that
and therefore
Lemma 2 Definitions (1) and (2) are equivalent.
We clearly have that A ∈ Ψ 0,0
. The case of an infinite point is handled similarly. See also [3] for the proof in the classical setting, which applies directly to the infinite semi-classical wavefront set here.
Properties of the Semi-classical Wavefront Set
In this section, we prove the following properties of the semi-classical wavefront set
and V v is defined as in Theorem 7.8, [3] . The same conclusion holds if V is not neces-
and all the other assumptions are satisfied.
(d) if at least one of V and W are properly supported,
,
where V • W is defined as in Theorem 7.10, [3] .
Remark. Part (c) of this lemma is proved in [1, Proposition A.I.13] without the assumption on W F h (v). In our proof, however, we also show that all estimates can be made uniformly in a neighborhood of W F h (v).
Proof:
In this proof we shall use ·, · to denote the distribution pairing. We begin by proving (a). Let (x 0 , ξ 0 ) / ∈ W F h (A) and assume that (
The proof is similar in the case of an infinite point (x 0 , ξ 0 ) .
We now turn to proving (b). It is trivial to check that
Without loss of generality, we can assume that (
The proof of the second assertion in (b) is as in the C ∞ case. See Theorem 8.2.9, [4] . To establish (c) and (d), we first prove the following
, where the integral is defined as in Proposition 7.6, [3] .
The proof is the same as in the classical case (h = 1) (see [4] , Section 8.1). For every x 0 ∈ R n we can then find ϕ ∈ C ∞ c (R n ) such that ϕ (x 0 ) = 0 and Σ h (ϕu 1 ) ∩ (−Σ h (ϕu 2 )) = ∅. By Proposition 7.6, [3] , we have that
. The compactness of S n−1 implies that we can find finitely many such
The same argument applied now to Σ
Choosing a locally finite partition of unity ∞ j=1 ϕ 2 j = 1 with each function ϕ j chosen as ϕ above, we have that
hoods of x 0 and ξ 0 , respectively, such that
By the proof of Lemma 4, we have that
The proof in the case of the infinite wave front set is the same. Lastly, to prove (d), we first observe that the fact that
follows as in the proof of [1, Proposition A.I.13]. To establish (c), now, we begin by proving that
By the assumption, we can assume that, after passing to a subsequence, (z n , ζ n ) → (z 0 , ζ 0 ). Since then (x n , ξ n ; z n , ζ n ) → (x 0 , ξ 0 ; z 0 , ζ 0 ) and
, and therefore
be open neighborhoods of x, ξ, y, and η, respectively, such that
have supports inside O 1 and O 2 , respectively. Then, by the proof of Lemma 4, we have that
The proof in the infinite case is the same as in the C ∞ case, see Theorem 7.10, [3] .
Global Semi-Classical Fourier Integral Operators
Here 
Parametrizing Lagrangian Submanifolds
We first review some facts from symplectic geometry relating non-degenerate phase functions and Lagrangian submanifolds. We further let
If m = 0, it is a standard fact from symplectic geometry that Λ ϕ is a Lagrangian submanifold of
Then, after shrinking V around any fixed point (x ′ , θ ′ ) ∈ C ϕ , we can assume that Λ ϕ is a Lagrangian submanifold of T * R n and j ϕ is a diffeomorphism. For a proof, we refer the reader to [3] , Lemmas 11.2 and 11.3.
If Λ ⊂ T * R n is a Lagrangian submanifold such that the map
For a proof, see [3] , Section 9. If Λ ⊂ T * R n is any Lagrangian submanifold and γ ∈ Λ, then there exists an open set U ⊂ T * R n and a non-degenerate phase function
We include the proof of this well-known result here for completeness and to introduce some notation. Let µ = T γ Λ be identified in a natural way with a subspace of T * R n . By Lemma 9.5, [3] we have that after a linear change of coordinates we may assume that
for a splitting of the coordinates x = (x ′ , x ′′ ) and ξ = (ξ ′ , ξ ′′ ) , where x ′ = (x 1 , . . . , x k ) , k = 0, . . . , n, and B is a real symmetric matrix. This implies that the differential of the projection π : Λ → (x ′′ , ξ ′ ) is bijective at γ and therefore this map is a local diffeomorphism from a neighborhood of γ to the (x ′′ , ξ ′ ) −space. Therefore there exists a function S ∈ C ∞ (R n ; R)
and an open neighborhood
Semi-Classical Fourier Intergal Operators
We are now ready to make the following definition 
for all N ∈ N 0 and for all A j ∈ Ψ Remark: The exotic looking numerology for the order needs to be explained. We follow the same convention as that in classical case and require that pseudodifferential operators with compactly supported symbols in S 0 (1) have kernels in I 0 h (R 2n , N * ∆), where ∆ is the diagonal in R 2n . Explicitly, suppose that
A continuous linear operator C
where F y h is the semi-classical Fourier transform in the y variable, which is consistent with (7) with N = 0 and the order r = 0 (k = 2n here).
We, now, have the following semi-classical analog of [4, Lemma 25.1.2], vol. IV. 
By the choice of A and A N we further have that
Thus, if follows by induction with respect to
Therefore Au ∈ I r h (M, Λ). To prove the converse, let B ∈ Ψ 0 h (1, M) have a compactly supported symbol and satisfy
. From the first part of the proof, we have that BAu ∈ I r h (M, Λ). Let, now, P ∈ Ψ 0 h (1, M) have symbol supported in a sufficiently small neighborhood of (x 0 , ξ 0 ) ∈ Λ so that P BAu 
which completes the proof. The proof in the case of an operator A ∈ Ψ 0,k h (T * M), k ∈ R is analogous. We shall now characterize semi-classical Fourier integral distributions microlocally. We have the following 
For ξ ∈ W integration by parts in (x, θ) gives
Let, now,ξ ∈ W . Then the function Φ x, θ;ξ = ϕ (x, θ) − x,ξ has a critical point at x ξ ,θ ξ which is the inverse image in C ϕ under j ϕ of the point H ′ ξ ,ξ . Using integration by parts again, we obtain that, up to a term which is
where χ ∈ C ∞ c (R n+m ) is equal to 1 on a neighborhood of 0. To prove that the critical point is non-degenerate, let v be in the kernel of
We also have that v ∈ ker ϕ ′′ xx x ξ ,θ ξ ϕ ′′ xθ x ξ ,θ ξ and since j ϕ and π ξ are diffeomorphisms, it follows that v = 0. Hence the matrix Φ ′′ xθ x ξ ,θ ξ ;ξ is non-singular.
We can therefore apply the method of stationary phase to the integral (9) and obtain
where A 2k (D) are differential operators of orders ≤ 2k, respectively. The Implicit Function Theorem and (10) now imply that, perhaps after shrinking W aroundξ,x,θ ∈ C ∞ (W ). We further adjust W so thatx,θ ∈ C
and therefore, by adding a constant to H if necessary, we can assume that Φ x (ξ) ,θ (ξ) ; ξ = −H (ξ) for ξ ∈ W . We also have that for every k,
.
(1) outside W , we obtain, from (8), (9), and (11), that
Now, the ideal of smooth functions vanishing on Λ ϕ is generated by the symbols a j (x, ξ) = x j − H ′ ξ j (ξ), j = 1, . . . , n. Since I (a, ϕ) has compact support, by adjusting V without changing I (a, ϕ), we can assume that Λ ϕ is compact and we can choose χ ∈ C ∞ c (T * R n ) equal to 1 on a neighborhood of Λ ϕ . Thenã j = χa j ∈ S 2n (1), j = 1, . . . , n vanish on Λ ϕ . By the calculus of pseudodifferential operators, we have that
, α ∈ N n , h → 0.
Thus I (a, ϕ) ∈ I r h (R n , Λ) . We remark here that the same argument will allow us in similar situations to use in condition (7) symbols, which do not belong to the class S (1) and below we will do so without repeating this argument.
We now turn to proving the converse. Let U, H, W, and V be further chosen so that (4) and (5) hold and W is bounded. Extend H to a function in
. . , n vanish on Λ ϕ ∩ U, and therefore we obtain from (7) that
, α ∈ N n , h → 0 and hence, after taking the Fourier transform,
As in the previous case, this implies that
Chooseξ ∈ W , and let x ξ ,θ ξ ∈ C ϕ be the critical point of Φ ·, ··;ξ . Let M ⋐ V be a neighborhood of x ξ ,θ ξ such that sgn Φ ′′ is constant on M and let
Then, by the first part of the proof, we have that
Iterating this process, we obtain a sequence of symbols a l ∈ S
Therefore, if we choose an asymptotic sum a ∈ S r+ m 2
h k a k , we obtainũ = I (a, ϕ) microlocally near γ.
Let, now, Λ ⊂ T * R n be any Lagrangian submanifold and assume that the coordinates have been chosen in such a way that µ = T * γ Λ has the form (6). Choose a real symmetric matrix
, is a non-degenerate phase function which parameterizes Λ near γ, it is clear thatφ (x, θ) = 1 2
is a non-degenerate phase function which parameterizesΛ nearγ. Letμ = TγΛ. It is easy to see thatμ = {(0, x ′′ ; ξ ′ , (B + D Λ ) x ′′ )} and it then follows from (14) thatΛ is transverse to the constant section η = η 0 atγ.
Let u ∈ I r h (R n , Λ) microlocally near γ and let 
This implies that b ∈ S 2n (1) and
. From (15) we then have that σ 0 (B k ) |Λ = 0, k = 1, . . . , N. We can now apply the first part of the proof of this theorem and we have that e The converse follows from reversing this argument.
Remark. Let u ∈ I r h (M, Λ) . Then Theorem 1 and Lemma 5 implies that for any P ∈ Ψ 0 h (1, M) with a compactly supported symbol P u is given by a finite sum of oscillatory integrals of the form h −r I (a, ϕ) , where a ∈ S (1) and ϕ is a non-degenerate phase function such that Λ = Λ ϕ near a point in Λ.
Following this remark, we see that after taking a locally finite partition of unity (a j )
∞ j=1 a j = 1 on Λ and applying an integration by parts argument, as in [3] , Chapter 7, we have
Generalization of Egorov's Theorem
We now prove the following generalization of Egorov's Theorem to manifolds of unequal dimensions:
Lemma 7 Let X j , j = 1, 2, be smooth manifolds. Let σ j be the canonical symplectic form on T * X j , and π j : T * X 1 × T * X 2 → T * X j the projection onto the j-th factor. Let
be a Lagrangian submanifold of
Then for every A ∈ Ψ 0 h (1, X 1 ) with symbol supported in a sufficiently small neighborhood of ρ 1 there exists B ∈ Ψ 0 h (1, X 2 ) with symbol supported in a sufficiently small neighborhood of ρ 2 such that
Remark: Strictly speaking we have not defined a symbol of a Fourier integral operator given in Definition 3. However, the proof of Theorem 1 shows that the non-vanishing of the amplitude given there is invariantly defined.
Proof: By a partition of unity we can reduce the proof to the local case where X j ⊂ R n j , T * X j is trivial for j = 1, 2, F = e i h ϕ(x,z,θ) u (x, z, θ) dθ, where ϕ is a non-degenerate phase function in a neighborhood of (x 0 , z 0 , θ 0 ) ∈ X 1 × X 2 × R m for some m ∈ N 0 such that
(1). Let Φ (y, ξ; x, z, θ) = x − y, ξ + ϕ (y, z, θ) . Then Φ has a critical point p 0 (x, z, θ) = (y 0 (x, z, θ) , ξ 0 (x, z, θ)) = (x, ϕ 
In the integrals L (x, z) = AF (x, z) = 1 (2πh) we now apply the method of stationary phase, Theorem 7.7.5 in [4] , in the (y, ξ) and the (w, η) variables, respectively, and obtain L (x, z) ∼ i 
